ON THE EXISTENCE OF TWISTED SHALIKA PERIODS: THE
ARCHIMEDEAN CASE

ZHIBIN GENG

ABSTRACT. Let K be an archimedean local field. We investigate the existence of the
twisted Shalika functionals on irreducible admissible smooth representations of GLg,, (K)
in terms of their L-parameters. As part of our proof, we establish a Hochschild-Serre
spectral sequence for nilpotent normal subgroups and a Kiinneth formula in the frame-
work of Schwartz homology. We also prove the analogous result for twisted linear periods
using theta correspondence. The existence of twisted Shalika functionals on representa-
tions of GL3,, (R) is also studied, which is of independent interest.
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1. INTRODUCTION

1.1. Main results. Let K be a local field of characteristic zero. The Shalika subgroup
of the general linear group GLy, (K) (n > 1) is defined to be

0 1, b
Sn(K) = {{g g] . {O LJ . g€ GL.(K), be Mn(K)},
where M,, indicates the algebra of n x n matrices. Let 1 be a character of K*, and let 1
be a non-trivial unitary character of K. Define a character &, , on Sz, (K) by

o |1, b
e (|30 |5 1)) = ntaentamuemon,

For an admissible smooth representation m of GLg,(K), we say that 7 has a non-zero
(n,)-twisted Shalika period if

Homyg,, k) (7, &) 7 {0}

When 7 is the trivial character, we shall refer to it simply as the Shalika period. Here
and henceforth, for the archimedean local field K, by an admissible smooth representation
of GL,(K), we mean a Casselman-Wallach representation of it. Recall that a representa-
tion of a real reductive group is called a Casselman-Wallach representation if it is Fréchet,
smooth, admissible, and of moderate growth. The readers may consult [Wal92, Chapter
11] or [BK14] for details. It is proved in |CS20] that the space Homyg,, k)(7, &) is at
most one-dimensional if 7 is irreducible.

A natural question is when the space Homg,, )(,&,) is non-zero, which is com-
monly referred to as the distinction problem. In the framework of the relative Langlands
program, this question is related to the BZSV quadruple

(GLQn X GLl, GLn,O, L GLn X SL2 — GLQn X GL1>,
where

L GLn X SL2 — GLgn X GL1
(4,B) — (A® B,det A),

while the dual BZSV quadruple of it is
(GLQn X GLl, GSPQn, O, (Z, )\) : GSan — GLQn X GL1>,

where 7 : GSp,,, = GLs, is the inclusion, A : GSp,,, — GL; is the similitude character of
GSp,,,. The local aspect of this framework suggests that the dual quadruple is related to
the distinction problem, which will be confirmed by our main result.

From now on, we will assume that K is an archimedean local field. Let Wx be the Weil
group of K.

Definition 1.1. For an L-parameter ¢ : Wx — GLg,(C), its n-extension is defined to
be
oM Wxg — GLg,(C) x GLy(C)
z o= (¢, nlr(x))
where r: Wx — KX is the reciprocity map (will be recalled in Subsection .
An L-parameter ¢ is said to be of n-symplectic type, if its n-extension ¢ factors
through the above map (i, \) : GSp,,(C) — GL2,(C) x GL;(C).

The main result of this paper is the following.

Theorem 1.2. Let w be an irreducible Casselman-Wallach representation of GLa, (K).
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(A) (§p.3) If m has a non-zero (n,)-twisted Shalika period, then its L-parameter is of
n-symplectic type.

(B) (§6) Assume that 7 is generic. If the L-parameter of  is of n-symplectic type,
then 7 admits a (n,)-twisted Shalika period.

To summarize, we have the following equivalence between the existence of the twisted
Shalika period and the type of L-parameter.

Theorem 1.3. For an irreducible generic Casselman- Wallach representation m of GLa, (K),
it has a non-zero (n,v)-twisted Shalika period if and only if its L-parameter is of n-
symplectic type.

Remark. The generic condition cannot be removed without additional assumptions. For
example, the trivial representation of GLy(IR) is not a generic representation. It doesn’t
have Shalika periods, while its L-parameter is of symplectic type.

When 7 is an irreducible essentially tempered cohomological representation, Theorem
has been proved in |[CJLT20] for K = R and [LT20] for K = C. When 7 is a principal
series representation, |[JLST24| also explores the existence of the twisted Shalika periods
under certain conditions. When 7 is a trivial character, Theorem is proved in [Mat17]
for the non-archimedean case and [ALMSY?24] for the archimedean case.

All the aforementioned works (except [CJLT20] and [JLST24]) study the analogous
properties of twisted linear periods, then transfer them to the twisted Shalika periods
using the analytic method. By comparison, Our proof provides a direct analysis of the
twisted Shalika periods and has no restriction on 7.

The theory of theta correspondence gives a way to relate different kinds of periods. Let
Hy,(K) := GL,(K) x GL,(K), and view it as a subgroup of GLs,(K) via the diagonal
embedding. For an admissible smooth representation 7w of GLy,(K), we say that 7 has a
non-zero n-twisted linear period if

Homp,, ) (7, (n o det) X C) # {0}.

Using theta correspondence, it is shown in [Gan19| that Shalika periods are related to lin-
ear periods over non-archimedean local fields. The following theorem is an Archimedean
analog of it.

Theorem 1.4 (Theorem|[7.5)). Let K be an archimedean local field. Let T be an irreducible
Casselman-Wallach representation of GLo,(K) and x be a character of GL,(K). Denote
by O(m) the big theta lift of a representation w, one has
Homya g, (O(7), x W) = Homgr, 1) <L (x) (7, xR C),
where Son(K) = GLS(K) x U. Moreover, if  is a generic representation, we have
Homgpa iy (75 X B ¢) = Homar,, (k) xGL. (i) (7, X B C)
Combining Theorem [I.3| and Theorem [I.4] we get the following corollary.
Corollary 1.5. Let K be an archimedean local field. Let m be an irreducible generic
Casselman-Wallach representation of GlLa,(K). The following are equivalent:

(1) The L-parameter of m is of n-symplectic type.
(2) m has a (n,v)-twisted Shalika periods.
(3) ™ has a n-twisted linear periods.

Twisted Shalika periods are important in the study of L-functions of symplectic type.
In [JST24], they study the period relations for the critical values of the standard L-

functions for an irreducible regular algebraic cuspidal automorphic representations of
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GLa,(A) of symplectic type. During their proof, a constant €, has been defined (and will
be recalled in Section , (8.1))), which reflects the existence of the twisted Shalika periods
on the representations of GLj, (R). The following theorem provides the calculation of ¢;.

Theorem 1.6 (Theorem [8.6). The notation is as shown in Section [§ Let © be an
irreducible generic Casselman-Wallach representation of GLg,(R). For a € R*, denote

Y, : R — C*,z+— exp(2mazyv/—1).

Assume T admits a non-zero (n, 1, )-twisted Shalika period and W\GL%(R) is reducible, then
7w has form

Dy % - XDy n., ki € Zsg, N € C.
Let p := #{1 < i < n|Dy, », has (n,v,)-twisted Shalika period} and q := 5, which are
both integers since ¢, is of n-symplectic type. Then

e = (sgn a)? - (—1)"F e,

1.2. Outline of the proof. We outline a general framework for addressing such prob-
lems as Theorem [1.2/A| and Theorem |1.2B] and specialize it to our case at the end. We
shall use the terminology in Schwartz homology developed in [CS21], which will be re-
viewed in Section [3} The proof of Theorem [1.2A]is inspired by [ST23].

Let G be an almost linear Nash group and let H be a Nash subgroup of GG. Denote
by Smodg the category of smooth Fréchet representations of G of moderate growth. Let
X be a G-Nash manifold and let £ be a tempered G-vector bundle on X. Denote by
(X, £) the Schwartz sections of the tempered bundle £ over X, then I'* (X, £) € Smodg.
Take x € X, denote by &, the fiber of £ at x and H, the stabilizer in H at x. Let x
be a character of H. Note that Hompg (I*(X, £), x) is the continuous linear dual of the
zeroth Schwartz homology HS(H,TS(X,€) ® x~!). In the following, we investigate the
relationship between HS(H,T5(X, &) ® x~!) and H(H,, &, @ x 7).

Assume that X admits a finite decreasing sequence of open submanifolds

U1 ::XQUQQ...QUTQUT+1 ::@,
such that for i € {1,...,r}, O; := U;\U;41 is an H-orbit in X. For each ¢ € {1,...,r},
we have the following short exact sequence
(11) 0—)F§(UZ+1,8) —>F§(UZ,€) —)Fgol(U“g) — 0,
where I', (U, €) = IS(U;, £)/T°(Uiyr, £). After twisting the character x~' of H and
taking Schwartz homology with respect to H, we get the long exact sequence
(1.2) - = H(H,T*(Uip1, ) @ x ) = HY(H, (U, &) @ x ) —

HS(H, TG, (U, £) @ x71) — -+

We may encounter two different situations in practice. In the first case (corresponding

to the case of Theorem [1.2A)), we know that HS(H,TS(X,£) ® x~') # 0, and we want

to deduce expected properties on the representation &, of H,. Following from the long
exact sequence (|1.2]), we have

dim HY (H,T°(X, &) @ x™') < Y _dimHS(H, T, (U, €) @ x 7).
i=1
Thus we know there exist an [ € {1,...,7} such that
dim Hy (H, T, (U, €) @ x™') # 0.
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In the second case (corresponding to the case of Theorem|1.2B)), we know that H3 (H,T5(0,, £)®
x~') # 0 for the open orbit O, C X, and we want to prove that the map induced by
extension by zero is an isomorphism on the zeroth homology, i.e.
HS (H,T°(0,, &) @ x 1) 2 HF(H, T (X, E) @ x 7).
Then it suffices to prove that for i € {1,...,r — 1},
HS (H, Ty, (U, &) @ x ) = H (H, T, (U, &) @ x ) = 0.
To summarize, in both cases, we reduce the problem to the homological property of
I, (Ui, E).
Using Borel’s lemma (Proposition, 'y, (Ui, €) admits a decreasing filtration F‘gi (Ui, Eg, k=
0,1,2,..., such that
k

with the graded pieces
L8, (Ui, E)1/T8, (Ui, ) = T(05, Sym" (WG (U) ® €), (k2 0).

Write I'?, := T3 (U, ), k=0,1,2,... for short. We have a short exact sequence

0= I8 /TSy = Too/Tora = I5e/TS = 0,
and hence a long exact sequence
(13) - = HJ(H, (T5/THn) © X7 = B (H, (T3 /Tip) @ x 1) —

HY(H, (D30/T5) @ x7h) = -+
Assume that

(1.4) dimHS,, (H, (IF,/T5,) ® x ) < oo, Vk>0.
According to Proposition |3.5] we have

HS(H. TS, (U, €) @ x) = L HS (I, (T5,/T5,) © ).
k

Using Borel’s lemma and the long exact sequence , we may reduce the problem to
the calculation of

HY (H,T%(0;, Sym* (NG, (U) ® €) @ x ),
which, using Shapiro’s lemma (Propositon , is related to the homological property of
&, with respect to H, for z € O;.

Now we return to our case. Let X := P\GLy,(K) be a partial flag manifold, £ the
tempered vector bundle on X associated with a standard module, S := S5, (K) the Shalika
subgroup, and x := &, .

To prove Theorem [[.2[A] we first describe the S-orbit decomposition of X in Section
[, and give the definition of matching orbits. Then we prove in Lemma that the
homology groups occurring in are finite-dimensional. Finally, using various tools of
the Schwartz homology and the calculation of the Jacquet module, we prove that

HS(S,T5(0;,8) ® 57;111)), if O, is a matching orbit;

S < ) -1} o
Hy (S, T, (Us, €) ®fn,¢) = { 0, otherwise.

and deduce Theorem [[.2A] from this using Proposition [5.12]
The existence of the twisted Shalika functional on the parabolic induced representation

has been studied in [CJLT20, Theorem 2.1]. Using this, we reduce the proof of Theorem
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1.2B| to the case for GL4(R). Using the framework described above, we prove that, in
this case, for all non-open orbits O; and Vj € 7Z,

and then deduce the result from the long exact sequence .

The proof of Theorem is similar to the non-archimedean case as in [Ganl9]. How-
ever, the calculation of the coinvariance space of the Weil representation is more involved
in the archimedean case. We use [AGS15, Lemma 6.2.2] to show that the result is just
the same as in the non-archimedean case.

For proving Theorem [I.6] we study the restriction of certain parabolic induced repre-
sentations to GLj, (R), then the similar arguments as in Section |§| can be applied.

1.3. Structure of the paper. We now describe the contents and the organization of
this paper. In Section [2| we give the necessary preliminaries on the local Langlands
correspondence for GL,, (K) and introduce basic properties of nuclear Fréchet spaces.

In Section |3, we review basic knowledge about Schwartz homology and present the
propositions which are needed in our subsequent proofs. Certain homology vanishing
criterion is proved in Subsection 3.3

Section 4] is devoted to describing the orbit decomposition of the partial flag manifold
under the action of Shalika subgroups. Furthermore, we calculate the conormal bundle
and the modular characters which will occur in the proof of Theorem [1.2/Al

The complete proof of Theorem will be given in Section 5], where we also proved
some homological finiteness results. Theorem is proved in Section [6] In Section [7}
we related twisted Shalika periods to twisted linear periods using theta correspondence.
In Section [8] we study the existence of the twisted Shalika periods on the representations

of GL3,,(R).

1.4. Conventions. The notation G,, (m € Z>;) stands for GL,,(K) through out the
paper. When it is the situation that we should distinguish the case of K = C and K = R,
we shall use GL,,(C) and GL,,(R) instead.

Lie groups are denoted by capital letters, and the modular character of Lie group G
is denoted by dg. Lie algebras of Lie groups are denoted by the corresponding Gothic
letter, such as g = Lie (G. Denote by gc := g ®r C the complexified Lie algebra of G. In
general, for a K-vector space V', we use Vg := V ®g C to denote its complexification.

For a subgroup H C G and a representation w of H, take g € GG, we denote HY :=
g 'Hg, and 79 a representation of HY, defined by 79(g'hg) := n(h).

For a Casselman-Wallach representation m, we write " for the contragrediant Casselman-
Wallach representation.

Topological vector spaces are assumed to be Hausdorff unless otherwise specified.

Acknowledgments. The author would like to express his gratitude to his advisor, Prof.
Binyong Sun, for providing invaluable guidance and offering continued support through-
out the research. He is also grateful to Rui Chen, Hao Ying, and Zhihang Yu for fruitful
discussions. He also thanks Wee Teck Gan, Dihua Jiang, Yubo Jin, Dongwen Liu, Hengfei
Lu, and Ruichen Xu for their useful remarks.

2. PRELIMINARIES AND NOTATION

In this section, we recall some preliminary material and fix the notation to be used in

the paper.
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2.1. Local Langlands correspondence. In this subsection, we recall basic facts about
the local Langlands correspondence for GL,,(K) (m € Zs;). For a general reference, see
[Kna94], [Moe97], [Jac09, Appendix].

We first review the Langlands classification of irreducible representations of GL,,(K).
The characters of C* can be uniquely written as

ya
Xpa(z) = (W’“Izl\ keZ, AeC,

the characters of R* can be uniquely written as
X]}i/\(t) =sgn*(V)|t|*, ke€{0,1}, xeC.
For each character X],If, \, We define its exponent by
exp(xy,) = Re A.

We shall omit the superscript K when the context is clear and use these notations for
characters of K* throughout the paper.

For each positive integer k € Z~;, we write Dy, for the discrete series of GLy(R) with
central character sgn®*1, whose minimal K-type has highest weight (k + 1). Then for
A € C, we denote

Dk’)\ = Dk X |detGL2 ’)\.
The exponent of Dy , is defined to be
exp(Dy ) == Re A.
Denote the set of relative discrete series of GLo(R) by
IITTd<GL2(R)) = {Dk,)\’ ke Zzl, A E C}

Denote by Irr(GL,,(K)) the set of equivalence classes of irreducible Casselman-Wallach
representations of GL,,(K). Define

€ Irr(GL4(C)), if K= C;
Hrd = 1 Irr(GLy(R)) 1T Irr,g (GLo(R)), if K = R.
For m; € Irr’;, i = 1,..., 7, the corresponding normalized parabolic induced represen-
tation

X e X T, 1= Ind%’"m@ co QT
is called an generalized principal series representation, where P C GG, is a suitable

parabolic subgroup. A generalized principal series representation is called a induced
representation of Langlands type (or a standard module) if it satisfied

exp(m) > -+ > exp(m,).

The celebrated Langlands classification states that, for each irreducible representation 7,
there exists a unique standard module ;X --- X7, (up to isomorphism) such that 7 is
the unique irreducible quotient of 7 x - - - xr,. If this is the case, we call 7 the Langlands
quotient of ;X - - - xm,, and denote

T=m HB---Bmnr,.

Next, we recall the classification of irreducible representations of the Weil group Wi
of K. Recall that Wz = C*, and W = C* II C*j with j2 = —1, jzj ! = z for z € C*.
Since C* is abelian, the irreducible representation of W¢ is just a character. As to Wk,
consider the reciprocity map

T WR — R~
7



defined by

j—= =1z~ zz.
It is surjective, and the kernel equals the derived subgroup of Wg. Thus we can view any
one-dimensional representation of Wg as a character of R*. Any irreducible representa-
tion of Wg is at most 2-dimensional. The 2-dimensional irreducible representation of Wx
can be uniquely written as

opy = IndExE,,, k€ Zsi, A€ C.

For m € Zsi, denote by ®(Wg, m) the set of equivalence classes of m-dimensional
semisimple complex representation of Wx. An element in ®(Wyg, m) should be called an
L-parameter for GL,,(K).

Each irreducible representation of GL,,(K) is associated with an L-parameter. Define a
map L from Irr(GL,,(K)) to ®(Wg,m) as following. For x € Irr(GL;(K)), define L(x) €
O (Wk, 1) via C* = C* and the reciprocity map r : Wg — R*. For Dy, € Irr,4(GL2(R)),
define L(Dy ) := opx. Then using the Langlands classification, we define in general

L(mB.---Bmr):=L(m)® - B L(w,).

The local Langlands correspondence says that L is a bijection between Irr(GL,,(K)) and
O (Wk, m), with many other favorable properties.
The following lemma describes the form for L-parameters of n-symplectic type.

Lemma 2.1. An L-parameter ¢ : Wx — Gla, (C) is of n-symplectic type if and only if

it has form
b= dit+ > (di+e)-m),
1<i<a a+1<5<b
where ¢; (1 < i < b)are irreducible representations of Wk, ¢; (1 < i < a) are the two-
dimensional representations of n-symplectic type, ¢; (a+1 < j < b) aren’t of n-symplectic
type.

Proof. The direction of right to left is direct. As to the other direction, denote by <, >
the symplectic form on ¢. Let ¢; be an irreducible subrepresentation of ¢, which isn’t
of n-symplectic type. Since dim¢; < 2, we have <,> |4x4, = 0. Let ¢f = {v €
¢ < v,w >= 0,Yw € ¢1}. Since ¢ is semisimple, there exist subrepresentation ¢
such that ¢ = ¢1 @ ¢, also dim ¢y = dim ¢;. Then <, > |4, x4, is non-degenerate, and
P2 = oY @ . O

We further recall the following criterion for generic representations, which will be used
in the proof of Theorem [1.2B|

Lemma 2.2 ([Vog78, Theorem 6.2], [FSX18, Lemma 4.8]). Every irreducible generic
Casselman-Wallach representation of GL,,(K) is isomorphic to its standard module.

2.2. Nuclear Fréchet spaces. In this subsection, we briefly recall some standard facts
about nuclear Fréchet spaces. See [CHMO00, Appendix A] for more details.

Let T : V — W be a morphism of topological vector space, it is called strict if the
induced map V/KerT' — Im T is a topological isomorphism.

Definition 2.3. We call a sequence of (not necessarily Hausdorff) topological vector
spaces
PN VAN VA NS VA
a weak exact sequence, if the sequence is exact as vector space and all the morphisms
are continuous. Moreover, if all the morphisms are strict, we’ll call the sequence a strict
exact sequence.
8



In this paper, we mainly consider nuclear Fréchet spaces, NF-spaces for short. If W
is a NF-space, V' C W is a closed subspace, then V and W/V are both NF-spaces.
Furthermore, all surjective morphisms between Fréchet spaces are open.

For two topological vector spaces V and W, denote by V®W the completed projective
tensor product of V and W. If V and W are both NF-spaces, so is V&W. The following
lemma is useful in practice.

Lemma 2.4 ([CHMO00, Lemma A.3]). Let

0—>E11>E2£)E3—>0
be a strict exact sequence of NF-spaces. Let F' be an NF-space. Then

0— EB,oF 25 p.ar X2 B.aF -0

1s also a strict exact sequence.

3. SCHWARTZ HOMOLOGY

The theory of Schwartz homology is developed in [CS21]. In this section, we review
basic knowledge about Schwartz homology and present the propositions that will be used
in our subsequent proofs. We refer readers to [CS21] for more details.

3.1. Borel’s lemma. Let M be a Nash manifold, and let £ be a tempered vector bundle
over M. Denote I'S(M, €) to be the Schwartz section of £ over M, which is a Fréchet
space. Suppose that U is an open Nash submanifold of M, extension by zero yields a
closed embedding I'*(U, £) < I'(M, £).

Denote Z := M\U and define

IS (M, &) :=T5(M,E)/TS(U,E).

Denote by N (M) the complexified conormal bundle of Z in M. We have the following
description of I'$(M, ).

Proposition 3.1 (Borel’s Lemma, [AG13, Lemma B.0.8, B.0.9], [CS21, Proposition 8.2,
8.3], [Xue20, Proposition 2.5]). There is a decreasing filtration on TS(M,E), denoted by
LS (M, ), k € Zso, such that

[S(M.E) = lim D5 (M, €)/TS (M, E)y
k

as topological vector space, with the graded pieces
DS (M, &) /TS (M, ) 2 T9(Z,Sym" (NG (M) @ E), Yk € Zso.

Moreover, let G be an almost linear Nash group. If M is a G-Nash manifold, Z is stable
under the action of G and &£ is a tempered G-bundle, then the filtration is stable under
the action of G.

3.2. Schwartz homology. Let G be an almost linear Nash group. Denote by Smodg
the category of smooth Fréchet representations of G of moderate growth.

For V' € Smodg, consider the G-coinvariance Vg := V/(3_ cq(g — 1) - V), which is
given the quotient topology and becomes a locally convex (not necessarily Hausdorff)
topological vector space. The coinvariant functor V +— Vi is a right exact functor from
Smodg to the category of locally convex (not necessarily Hausdorff) topological vector
spaces. In [CS21], the Schwartz homology HY (G, —) is introduced to be the derived

functor of V' +— V;, which processes the following favorable properties.
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Proposition 3.2 (Shapiro’s Lemma, |[CS21, Theorem 7.5]). Let H be a Nash subgroup
of an almost linear Nash group G, and V' € Smody. Then there is an identification

HY (G, (ind%(V ® 6)) @ 65") = HY(H, V), Vi€Z,
of topological vector spaces, where indg denotes the Schwartz induction.

Remark. When G/H is compact, the Schwartz induction ind$ coincides with the unnor-
malized induction “"Ind$.

Proposition 3.3 (|CS21, Theorem 7.7], [ST23, Lemma 3.1]). For every representation
V' in the category Smodg, there is an identification

HY (G, V) = Hy(gc, K; V) = Hi(ge, K; V™), vieZ,

of topological vector spaces. Here and henceforth, for V€ Smodg, Hi(gc, K; V) denotes
the homology groups of the Koszul complex

o= (N ge/te) @ V) = (A(ge/te) @ V) = (N Hge/te) @ V) — -
Proposition 3.4 ([CS21, Corollary 7.8]). Every short exact sequence
0—->Vi—>V, >V —=0
in the category Smodg yields a long exact sequence
-+ = HY (G, VB) = HY (G, V1) — HY (G, Va) — HY (G, Va) — - -
of (not necessarily Hausdorff) locally convex topological vector spaces.

In order to use Borel’s lemma to study the Schwartz homology, we also need the
following proposition.

Proposition 3.5 ([CS21, Lemma 8.4]). Suppose that Z is a G-stable closed Nash sub-
manifold of a G-Nash manifold M. Fix a character x of G. Let i € Z and assume
that HY, | (G; (T'y(M,E) /T, (M,E),) ® X) is finite-dimensional for all k > 0. Then the

canonical map

HY (G575 (M, E) ® x) — LIm HP (G; (D5 (M, E)/T%(M, E)x) ® x)

1s a linear isomorphism.

It is important in practice to determine the Hausdorffness of the Schwartz homology.
We have the following two useful propositions.

Proposition 3.6 (|CS21, Theorem 5.9, Proposition 5.7]). Let G be an almost linear Nash
group, and let V' be a relatively projective representation in Smodg. Then the coinvariant
space Vg is a Fréchet space. Moreover, when G is compact, every representation in
Smodg is relatively projective.

Proposition 3.7 ([BW80, Lemma 3.4], [CS21, Proposition 1.9]). Let G be an almost
linear Nash group, and let V € Smodg. If H?(G;V) (i € Z) is finite-dimensional, then
it 1s Hausdorff.

Since Smodg is not an Abelian category, the usual homological tools cannot be applied
directly. We prove the following two useful formulas for the Schwartz homology, with their

proofs deferred to Appendix [A]
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Proposition 3.8 (Kiinneth formula, Theorem [A.7)). Let G; and G be two almost linear
Nash groups. Assume V; € Smodg,, i = 1,2, are both NF-spaces. IfV j € Z, HJ‘-S(Gi, Vi)
are NF-spaces, then

H Gy x Go, ViBVs) = €D HY (G V)R HY(Gy, Vi), Ym €L,

ptg=m
as topological vector spaces. In particular, Hﬁl(Gl x G, V1<§>V2) are NF-spaces.

Remark. This Kiinneth formula cannot be derived from that of the relative Lie algebra
homology, as we do not assume the representations to be admissible.

Proposition 3.9 (Hochschild-Serre spectral sequence for nilpotent normal subgroups,
Corallary. Let H= Lx N be an almost linear Nash group with N nilpotent normal
subgroup. Consider V € Smody, if V j € Z, H‘]-S(N, V) € Smody, then there exists
convergent first quadrant spectral sequences:

2 S S S
E?,=HS(L,H3(N,V)) = H

p+q(H7 V).
3.3. Some vanishing criterion. In this section, we state two vanishing criteria for the

Schwartz homology groups, which will be frequently used in the subsequent sections.

Lemma 3.10. Let n be a nilpotent complex Lie algebra, and let v be a non-trivial charac-
ter on n. Denote by V' a (probably infinite-dimensional) trivial representation of n. Then
H(nV®y)=0, VieZ.

Proof. When dimn = 1, then the homology group can be computed by
0= neVey — Vey —0
X®uv = (X))
Since v is nontrivial, the middle map is a bijective map. Thus
H;(n,V®v) =0, Vi€ Z.

Now we assume n is abelian, then there exist ideal ng C n, with dimny = 1, s.t.
¥|n, # 0. Thus we have H;(ng, V ®1) = 0, Vi € Z. Following from spectral sequence, we
have H;(n,V ®¢) =0, Vi € Z.

For a nilpotent lie algebra n, let n® := [n,n], then n/n™ is abelian and ¥|,a) = 0,
thus v can be seen as a nontrivial character on n/n(!). Note that

H;(n/nM H;(0W V@) = Hi(n/nW H;n® C) @V @ y)).

Since n/nM acts on n() algebraically, H;(n¥),C) admits a finite filtration with each
grading piece trivial action. Then using the abelian case, we have

Hi(n/n(1)7 Hj(n(l)v Ve ¢)) = 07
thus Hy(n,V @ ¢) = 0, Vi € Z. 0

Lemma 3.11. Let V € Smodg. Denote the center of G by C(G). Assume 3 a € C(G),
which acts on V' by a scalar ¢ # 1. Then HS (G, V) =0, Vi € Z.

Proof. Since a € C(G), then ¢ := m(a) € Homg(V,V). Also ¢(v) = ¢ - v, thus ¢ :

HS(G,V) — HP(G,V) maps by the scalar ¢. On the other hand, consider P — V a

relative strong projective resolution of V. Then m;(a) : P, — P; gives a lifting of ¢ to a

morphism of chain complexes. Note that m;(a) : (P;)g — (P;)g descent to identity maps.

Thus ¢ induce identity map on HS(G, V). Since ¢ # 1, we have HY(G,V) =0, Vi €

Z. U
11



4. ORBIT DECOMPOSITION

In this section, we describe the orbit decomposition of the partial flag variety with
respect to the Shalika subgroup. Furthermore, we establish certain numerical lemmas,
preparing for the calculation in the following sections.

We first give some general notations on root systems. For m € Zx4, let t,, be the Lie
subalgebra of diagonal matrix in gl,,. Define e; to be an element in t*, by

([ )

and denote o ; :=e; —e; for 1 <7 # j < m. Then the set of roots of gl,, with respect
to t,, is

(I)m = {Oé@j, 1< 7&] < m},
with positive roots

ol ={a;;, 1 <i<j<m}
We simply denote «; := ;11 for ¢ € {1,...,m — 1}, then A,, := {1, a0, ..., Qp_1} is
the set of simple roots. For each standard parabolic subgroup @ € G,,, denote by Ag
the subset of A,, corresponding to Q.

Denote W, to be the Weyl group of gl,, with respect to t,,, which is just the symmetric

group &,,. We write the permutations in G,, as

W = (il,...,im),

where iy, = w(k),k = 1,...,m, and identify &,, with the group of m x m permutation
matrices such that
ijykw’l =F; 5, k=1,2,...,n,

where Ej; denotes the standard m x m elementary matrices. From now on, the size
of I will be 2n whenever we use this notation except in Section . For instance the
following Weyl element w, in &y, corresponding to the matrix

x

w,=Mm+1L,n+2,...,2n,1,2,....,n) < [10 10”].

For two standard parabolic subgroup P;, P, of GG,,, we define the following subset of
Wi,
PW, = {w e Wy, - w(Ap) C @, w ' (Ap) C O,
which will occur in the relative Bruhat decomposition.
Let @ be the standard parabolic subgroup in Gy, corresponding to the partition (n,n),
with Levi decomposition () = M x U. Denote by S the Shalika subgroup of G,. Note

that S is a subgroup of @, with Levi decomposition S = G2 x U. Here, G2 is the diagonal
embedding of G, into M = G,, X G,,.

Proposition 4.1. Let P be a standard parabolic subgroup in Gs,, and let Q) be as defined
above. Then we have the following bijection

PAGunfS &3 015 (0 € Wanl = 70,7 € "W € P, P},

where for v € Wa,, PYN (G, x Gy) = Pi, X P»,. Here, we viewed W,, as a subgroup of
Wa, by interchanging the first n variable.

Proof. Following the relative Bruhat decomposition, we have

P\Gan/Q <5 PW,9.
12



Since v € Wy,, P N (G, x G,) is a parabolic subgroup in G, x G,, denote it by
PN (G, x G,) = Py, x P5,. Then we have the following bijections

P NQ\Q/S &5 (PN (G x Gp))\Gy x Gy /G2
& PLN\Gy /Py

1:11 p
Piiad mWan,w

The first bijection follows from PYNQ = (P"NM) x (PYNU), the third bijection follows
from the relative Bruhat decomposition and the second bijection is induced from

PLNGL/ Py, — (PN (Gn x G))\Gy % G, /GH

g
g = 1o 1,

The orbit decomposition follows from these two identifications. O

Since then, for each w € Q, we denote O, the corresponding S-orbit in P\Ga,,.

In the rest of this section, we specialize to the case when P C (5, is a standard cuspidal
parabolic subgroup corresponding to the partition (nq,...,n,) of 2n. For K = C, we have
n; =1, Vie{l,...,r =2n}, and P is just the standard Borel subgroup in GLs,(C).
For K = R, we have n; € {1,2}, Vi € {1,...,r}. Denote the Levi decomposition of P
by P=L x N.

We shall present some specific calculations which will be used in the subsequent sec-
tions. Define the following subset of ®,:

(I)Szl) = {ai,j7 1 S { 7& .7 S n}a q)g) = {&n+i,n+j7 1 S l 7&‘7 S n},

and @ = oW Nl k=12

2n
Lemma 4.2. For v € PWMQ, Py, (resp. Py.) as in Proposition 18 a standard
cuspidal paraboic subgroup in G,, with corresponding simple roots v~ (Ap) N oY =
v HAR) N, .. anr} (resp. v 1 (Ap) N =41 (Ap) N {ans, - ., Qon_1}).
Proof. We prove for P, ., in the following, the case of P, is similar. Let I' := @;nﬂ —Ap.
Then the roots of py, is I := 4~ 1(T) N Y. Note that v(®5,) N &Y = & thus
P, is a standard parabolic subgroup.

Assume oy, € Vfl(Ap)ﬂfbg), thus & < [ and y(I) = v(k)+1. Since y(1) < --- < y(n),
we have [ = k+ 1. Thus v~ (Ap)N ol — Y HAp)N{ay, ..., ap_1}. Assume ag, aqiq €

v Y Ap)N{ay,...,a, 1} for some 1 < a < n — 2, then Qr(a)y(at1)s Oy(at1)y(at2) € Ap,
contradict with P is a cuspidal parabolic. Thus P, is a standard cuspidal parabolic
subgroup. U

We classify the S-orbits on P\Gy, into different types and treat them separately.

Definition 4.3. An orbit O, is called 1-vanishing, if &, |Neru is non-trivial. It is
called V-unvanishing otherwise. We shall say w is 1-vanishing (resp. ¥-unvanishing)
for short.

The following two lemmas give numerical conditions of the i-unvanishing orbits.
Lemma 4.4. w is ¢-unvanishing if and only ifV k € {1,...,n}, we have w(k) > w(n+k)
OT Qlyy(k)w(ntk) € Ap.

Proof. Note that &, »|neny is trivial if and only if V 1 < i < n,a;,4; ¢ n. Then the
lemma follows from the structure of the roots of n. OJ
13



Lemma 4.5. Assume w is -unvanishing. For 8 € A,, ifw™'(B8) € {aini;, 1 <i,j <n},
then w™(B) € {aintj, 1 <i<j<n}.

Proof. Take 8 = a, such that w™(a,) € {inyj, 1 < i,5 < n}, thus 1 < w™(a) < n,
w™(a+1) > n+ 1. We prove the lemma by contradiction.

If w(a) +n>w'(a+1), then w(w(a) +n) =v(w(a) +n) > y(wHa+1)) =
w(w™a+ 1)) = a+ 1. On the other hand, since w is Y-unvanishing, then we have
a=wwa)) > wwHa)+n) or ww(a) +n) =a+ 1. In the first case, we obtain
a > w(w™(a) +n) > a+ 1, contradicts. In the second case, we obtain w™!(a) +n =
w™!(a + 1), contradicts. O

For w € Q as in Proposition 4.1} we introduce the following notation, which will be
helpful for the discussion below.
e Up, :=w (Ap),
o Upl = Vp, Nw(¥py,), where w, = (n+1,n+2,...,2n,1,2,...,n),
\I’%QJ = qu,w N {ai,n+i> 1€ {1, N ,n}},
Uil = Up \(PEL LR,
Ap,, = w(Vp,), for x € {ma, wh, um}

Definition 4.6. A v -unvanishing orbit O, is called a matching orbit, if
Ve, =9.

Otherwise, it is called an unmatching orbit. We shall say w is matching (resp. un-
matching) for short.

We introduce the following notation which will be used in the rest of the paper. Define
ap:=1. Fori € {2,3,...,r}, let a; := 1+ 22;11 nj. If n; =2, let b; := a; + 1. Then we
have {a;} I1 {b;} = {1,--- ,2n}.

We may briefly illustrate why the matching orbits are significant. For each matching
orbit O,, we can attach an element s, in &, as follows. If w(k) = a;, w(n + k) = aj,
then we set s,(i) = j, su(j) = i. If w(k) = a;, w(n + k) = b;, then we set s,(i) = i
(in this case n; = 2). Such s, is well-defined under the condition that w is matching. It
in fact gives a partition of {1,...,r} into pairs and singleton, which corresponds to the
symplectic condition of the L-parameters.

In order to use the argument of spectral sequence, we need the following group decom-
position of P¥ N .S, which is slightly different from the Levi decomposition of P¥ N S.

Since w is a Weyl element, we have P*NQ = (P*N M) - (P*NU). Thus P*N S =
(Pme$> . (Pme) Denote P* " M = Pl,w X P27W7 then Pmeﬁ = (Plywﬂpg’w)A.
Denote the Levi decomposition of Py, N P, 1= A, X B,,.

Also note that P*NU = (L*NU)x (N*NU). Denote by U' the subgroup of U generated
by {1+ E; il i =1,...,n}, split P*NU into two parts P*NU = (L*NUT) x C,. Then
we define R, := A2 - (L* NUT), V, :== B5 - C,.

Lemma 4.7. For a Y-unvanishing S-orbit O,,, we have
P*NS=R,xV,.
Proof. Tt suffices to prove that L* N UT stable V,,. Note that B,, consists of strictly block

upper triangular matrices, and L¥ N U' has the same block type with B,. Then the
lemma is a direct calculation. Il

The following lemma shows that if a is a simple root of p, then either w™!(a) or
wH(a) + w,(w™(a)) is contained in roots of p* N s.
14



Lemma 4.8. If ay 1 € w (Ap) for some 1 <k <n—1, then w(ay) €

Proof. Denote w = v -0 € Q and § := w(a,u,x) € Ap, then v71(8) = ayix. Note that o
satisfies o/(w, (Y1 (AP) N {ni1, . .., az_1})) € LT, thus o(ay) € 4", Following the
property of v € W5, we obtain w(ay) € &3, O

The idea is rather simple, although the formulation is abstract. Let us present an
example in GLg(R) to illustrate the idea. Readers are encouraged to work through this
example to gain a better understanding. Note that for the case of GLy,(C), we have
Ap = @. Thus matching orbits are just y-unvanishing S-orbits, and all the formulation
above is almost trivial.

Ezample. Let P = LN be the standard parabolic subgroup of GLg(R) with Levi sub-
group L = GLy(R) x GLy(R) x GLy(R). There are only 5 ¢)-unvanishing S-orbits, which
are represented by {01 = (1,3,5,2,4,6),00 = (1,5,6,2,3,4),03 = (3,4,5,1,2,6),04 =
(5,6,3,1,2,4),05 = (3,5,6,1,2,4)}. One can check that, in this case, the only unmatch-
ing orbit is O,,, while the other four orbits are all matching orbits. Now we use o3 and
o5 to show what happens on group decomposition. For the case of O,,, we have

* x — 00 — a1a2n188*
* + — 00 — as a4 N2 -
o3 _ | 00 %00 x a3 = | 0005 00 x
P — — — — % x = P mS— 0 0 0 a1 ag n1
o ko — 0 0 0 a3 a4 n2
00 x%00 % 00 0 0 0 b

Here and follows, both * and — denote arbitrary elements with * contains in L% and —
contains in N7. The letters ai,...,by,...,ny,... denote arbitrary elements, but the two
appearances of the same letter denote the same numbers.

In this case the group decomposition in Lemma [£.7]is just

ataz 0 0 0 0O 10n; 00 —
azag 0 O 0 O 01no 00 —
R = 0 0b 0 0 = V.. = |[001000
03 0 0 0aiaz 0] > o3 00 0 10mn
0 0 O0azag O 00 0 01mne
0 0 0 0 0 b 000001

For the unmatching orbit O,,, we have

* ——00 = %1”1”2883
0= %000 az n3
P — 0% %000 Pasms_ 0 0 a3 0 0 O
- - — — kk — 1 - 0 0 0 ai n1 no
- = Tk k = 0 0 0 0 a2 n3
* — =00« 0000 0 as

In this case the group decomposition in Lemma is just

ap 0 0 0 0 O 1niny0 0 =

0 a2 0 0 0 O 01 n300 O

R.. = 0 0az 0 0 O V.. = 00 100 O
g5 00 0a O O > o5 00 0 1ng ne
0 00 0azx0 00 001 n3

0 0 0 0 O as 00 00O0 1

In order to use Borel’s lemma, we need the following two numerical lemmas about the
representative elements of the conormal bundle.

Lemma 4.9. Let O, be a Y-unvanishing orbit. Denote
N = Spang ({Epsjall <i<j <n, w(i) <w(n+3), aingy &0 (Ap)}
T{Ell <i<j<n, w() <w(), ay ¢ w " (Ap), tnginry & @ (Ap)}).

Then we have

g[gn = Nw D (pw +5)
15



Proof. Denote by u (resp. n) the transpose of u (resp. n). For i,5 € {1,...,n}, if
En—l—j,i c pw + 5, then En+j,i S pw N u. Note that u = pw Nuén?Nu, thus En—i—j,i ¢
pH+se B en’Nus B,y €nY Nu. Since w is ¢-unvanishing, we can directly
calculate that n“ Nu = Spang{E; ,4;]1 <i < j <n,w(i) <w(n —I—j) w(intj) & Ap}.
Since Ej; ¢ p* +s5 & E;; ¢ p“ N g[n and E,ijny € p¥ N g[n , one can directly
calculate that Ej; ¢ p¥ +5 < i < j,w(i) <w(j),ij ¢ w  (Ap), nsint; & w H(Ap).
Then the lemma follows from the above two calculations. 0
Lemma 4.10. Let O, be a -unvanishing orbit.
(1) If Enyji € Ny, then we have w(i) < w(j), w(n +1i) < w(n+ j).
(2) If E;; € N, then we have w(i) < w(j), w(n +1i) < w(n+ j).
Proof. The second assertion follows from the -unvanishing condition. As to the first
one, we have w(i) > w(n+14) or w(i) +1 = w(n+1). Since w(i) < w(n+7j) and i < j, we
obtain w(n + i) < w(n + j) in both case. Similar argument gives that w(i) < w(j). O

In the last of this section, we study the modular characters that will occur in Shapiro’s
lemma in the calculation of the next section. Denote
oAﬁZ:z{lSiSM a; € VL §,
o ARl ={(,j) 1<i<j<n, a;; or Qjnj OF Qpuiing; € VEL,
Let T be the diagonal matrices subgroup of Ga,. Define a character on 7N S by

x1

o T R v
Xw " = | | <_) )
. X
- (3,5)eTum

and x, = | °Xuwl-
Lemma 4.11. We have dpeng = (6% - xu)? on T'NS. In particular, if O, is a matching
orbit, then we have dpung = (51“3)% on R,
Proof. Since the commutator subgroup of GL,,(K) is SL, (K) and considering the Iwasawa
decomposition, the second assertion follows from the first one.

For a Lie group G, denote °d¢(g) := det(Adgl,), thus ¢ = | °d¢|. Denote

L1
t= € TNS, where x; = x4, Vi€ {l,...,n}.
Ton,

Denote Ay := {(i,j)| 1 <i<j<n, w(i) <w(j)}, Ao :=AB%, Az = {(i,j)| 1 <i <

Jj<mn, w() <w(n+j)}. Then we have

st = [T 2T (2

(4,9)eM Li i€A2

x; T
i (ij)ehs 7

Denote Ay := {1 <i < 2n|a; € Ap}, then
-1
osw _ Low-1(i) Lw—1(i)
v H Lw=1(5) H (xwl(i+1)) '
1<i<j<2n 1€Ay
By variable substitution, we obtain
-2
osw o T L
o= I 2 T0()

X
1<w(@)<w(f)<2n "7 icAs
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Denote As := {(4,)|1 <i,7 < 2n,w(i) < w(j)}, and associate a partition to it by
As= AV ={@,j)1<i<j<n, wi)<w()}
AP = {(n+bn+c)1<bec<n, whn+b) <wn+oc)}
HAY = {(i,n+0c)1<i,c<n, w(i)<wh+c)}
AL = {(n+a,j)| 1 <a.j<n, wnta) <wi))

Then by direct calculation,

2 2
ni _ @i o @i
H 90_3'_ H (%) 7 H Lj H <%) '
(i) €A TIALY (i,4)€M (i,/)eAP IALY (i,9)€A3
Thus (°dpunsg)?(t) = 0% - °x,(t) for t € TN S. O
5. HOMOLOGY OF STANDARD MODULES

In this section, we investigate the Schwartz homology of the standard module, and
derive Theorem in Subsection In Subsection [5.1, we prove Lemma [5.1] [5.5]
which are crucial for our application of Borel’s Lemma. In Subsection [5.2] we prove
Lemma [5.9) which serves as a key step in proving Theorem [1.2/A]

We fix the following notation in this section. Let S be the Shalika subgroup of G, and
let P be a standard cuspidal parabolic subgroup of G5, corresponding to the partition
(n1,...,n,), with Levi decomposition P = L x N. We are divided into the following two
cases.

If K=C, then n, =1fori e {1,...,r = 2n}. Take m; := xy, ., to be a character of
C*, where k; € Z, \; € C.

If K =R, then n; € {1,2}, for i € {1,...,r}. For n; = 1, take m; := xy,., to be a
character of R*, where k; € {0,1}, \; € C. For n; = 2, take m; := Dy, ), to be a relative
discrete series of GLy(R), where k; € Z>q, A; € C.

In both cases, we ask exp(m;) > --- > exp(m,) and denote m := m® - - - ®m,. Let X :=
P\G5, be the partial flag manifold and let £ be the tempered bundle on X associated
with the standard module 7% - - - x7,, i.e. [¥(X,E) 2 mx -+ X7,..

5.1. Homological finiteness. As explained in Subsection [I.2] we need to prove that
for each orbit, the corresponding homology group is finite-dimensional. In this section,
we establish Lemma [5.1], [5.5] which will be used in the subsequent sections. Firstly, we
consider the case of 1-vanishing orbits.

Lemma 5.1. For an v-vanishing S-orbit O,, we have
1
HY (PN S, (0pm)” @ Sym"(Ne) ® 0pbng ® &) =0, Vi€Z, ke Zs.

Proof. Note that N* N U is a normal subgroup of P¥ N S. Using the spectral sequence
argument, it suffices to prove

HY (N N U, (637)° © Sym* (N ¢) @ 0ping @&, 1) =0, Vi€ Z, k€ Zs.

Since N“NU acts on Sym*( .c) algebraically, we may take a finite filtration on Sym”( o)
such that each grading piece F; admits a trivial action of N¥ N U. Since 9|ywnyis non-
trivial, using Lemma [3.10, we obtain

1
HY (N MU, (637)° @ F; @ 0pbag ® &) =0, Vi€ Z

Thus the lemma follows from the standard long exact sequence argument. O
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Denote T5(R) (resp. N2(R)) to be the diagonal matrices (resp. the strictly upper
triangular matrices) subgroup of GLy(R), Ba(R) := T5(R) x No(R). The following three
lemmas concern the homology of the relative discrete series of GL(R).

Lemma 5.2. Let Dy (k € Zx1) be the discrete series of GLy(R) as in Subsection [2.1]
Then as To(R) = R* x R* modules,

k+1 k+1

k k
HS (No(R), Dy) = (] - |5 R |- |75 ) @ (esgn| - |5 Rsgn|- | %),

where € is the sign character of R* if k is even and is the trivial character otherwise.
Moreover,

H(Ny(R), D;,) =0, Vi€ Zs,.

Proof. Thanks to the comparison theorem for the minimal parabolic case (see [HT98,
Theorem 1], [LLY21, Theorem 5.2]), we can calculate the homology using the cor-
responding (g, K)-modules. Then the second equality follows from [CO78, Corollary
2.6] and [KV16, Corollary 3.6]. As to the first equality, it’s a direct calculation that
dim HS (Ny(R), Dy) = 2, then the assertion follows from Frobenius reciprocity. O

Lemma 5.3. Let V' be a relative discrete series of GLa(R). Denote by v a non-trivial
unitary character on No(R). Then

C, ifi=0;

S _ ) )

H (N2(R),V @) = { 0, otherwise.

Proof. Recall that we have a standard short exact sequence of representation of GLy(R),
O—=F—=>1—-V =0

where [ is a principal series representation and F' is finite-dimensional. Thus the lemma
follows from |[CHMO0, Lemma 8.5] and the fact that HS(Ny(R), F ® 1)) = 0. O

Lemma 5.4. Let Vi,V be relative discrete series of GLa(R), and let E be a finite-
dimensional representation of GLy(R), then we have,

dim H? (GLy(R), Vi®Va ® E) < 00, Vi € Z.
Proof. Consider the standard exact sequence for V; (j = 1,2) as in Lemma
0—F; = 1; = V; = 0.
Then the lemma follows from the standard arguments of the long exact sequence. O

Denote I;™ = {i € {1,...,r}|a,, € Ap}}. We shall split 7 into two parts. Let
Tumw = @ie rumm; and let m,q,, be the remain part such that m = 7Tum7w(§)ﬂ'ma7w. When
the context is clear, we will omit the subscript w for short.

Lemma 5.5. For an Y-unvanishing S-orbit O,,, we have
1
dim Hy (P N S, (637) @ Sym"(NVic) ® 6pbng ® ) <00, Vi€Z, k€ Zso.

Proof. For K = C, the lemma is obvious, since the representation occurring in the ho-
mology is already finite-dimensional. We consider the case for K = R in the following.

Recall that in Lemma [£.7] we have decomposition P* NS = R, X V,,. Following the
spectral sequence, it suffices to prove that

w
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w
ma?

Since V,, acts trivially on 7% | we have

HP (R, HS (VL (537)° © Sym* (A ) @ Splns ©€,1))

Sow * % w — -
= H18<Rw7 H}S(Vw, 7T1‘:Jm)®7Tma ® Symk( w,(C) ® (5P) ® 5P}’QS ® grqﬂi)

Note that v,, admits a filtration such that each grading piece isomorphic to ny(R). Thus
following from Lemma , we know that dim H}S(Vw,m‘jm) < oo. Note that R, is
product of copies of GL;(R), GLy(R) (whose roots corresponding to ®5¢,) and GLA(R) x
Na(R) C B3(R) (whose roots corresponding to ®3”). Thus the lemma follows from the

Kiinneth formula and Lemma [5.3] 5.4 O

5.2. Homological vanishing for unmatching orbits and normal derivative. In
this section, we prove Lemma|5.9] which is crucial for proving[1.2/Al We further introduce
some notations in order to provide proof. We fix a @-unvanishing orbit Ow.

Definition 5.6. For 1 <i < j < n, we say i is weightly related to j if (i,j) € AP,
where AEY, is defined above Lemma . We say i is weightly associated to j if there
15 a chain @ = ig < 17 < -+ < 4 < 411 = J, such that iy is weightly related to ipyq,
V ke{0,...,1l}, denoted by i~ j.

Definition 5.7. For 1 < ¢ < j < n, we say i is derivatively related to j if E;; or
Eniji € No. We say i is derivatively associated to j if there is a chain i =iy < iy <
cee <y < A1 = J, such that iy is derivatively related to igy1, ¥V k € {0,...,1l}, denoted
by i — 7.

For a character x;, of K*, we say it is positive (resp. negative, non-negative,
non-positive), if ReA > 0 (resp. ReA < 0, ReA > 0, ReA <0).

Lemma 5.8. For1 <i<j<n.
(i) If i~ 3, then X&Gy - Xt - (Xoi) (Xff(nﬂ))_l is non-negative.

€T €T X

(ZZ) [fZ — j, then sz(l) : Xi;(n+i) ’ (XZ(J-))_I : (XZ(n—l—j))_l 18 non—negative.

Proof. 1t suffices to prove for the case when i, j is related. Thus the second assertion
follows from Lemma [£.10l

As to the first assertion, for 1 <i < j < n, if a;;, @prins; € w (Ap), since w € Q, we
obtain w(i) < w(j), w(n+1) < w(n+ 7). If a;nrj € wH(Ap), then w(n + j) = w(i) + 1.
Thus w(j) > w(n + j), w(i) > w(n + i) follows from the 1-unvanishing condition, thus
wn+1i) <w(i) <w(m+j) <w(j). O

Denote JI'* := {i € {1,...,n — 1}|a; € VB }. The following lemma is crucial for the
proof of Theorem [1.2/A]

Lemma 5.9. If k > 0 or O, is an unmatching orbit, then
H3 (PN 8, (6pm)° ® Sym* (N ¢) @ 0plns ®&,4) = 0.

Proof. We first prove the case for K = R. The case for K = C is similar but simpler, we
shall give a comment at last. Now we let K = R.

We introduce the following notation in order to prove the theorem. Recall we have
defined a sequence of number {a;,b;} under Definition such that {a;} I {b;} =
{1,---,2n}. Define & := |- |Y, x§¥ := |- |M. If i € 1Y, then n; = 2, we define
Xot = ]|%, X' = H_% For other k € {1,...,2n}, define x}* := C. Let x; := x{*- x4,

ie{l,...,2n}. We shall call x§* (resp. x§*) the exponent (resp. weight) part of y;.
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Note that P NS = R, x V,,, and V,, acts algebraically on Sym”( o) we may take

*

a finite filtration on Sym®( ) such that each grading piece W is an irreducible R,
module with trivial V,, action. Thus we only need to show

1
(5.1) H3 (PN S, (037m)° @ W @ bping ® &, 1) =0
We first take coinvariance with respect to Vw, then we get
1
= Hg(RU-H HS(VUM Trum)®ﬂ-ma ® W ® (5 ) ® 5P‘*’ﬂS ® 5723[))
As in the proof of Lemma [5.5, HS(V,,, 7% ) is tensor product of the Jacquet module of

each 7; occuring in 7,y,. erte E = H§(V,,, 7 ) for short. Denote by C(R,,) the center
of R,, and let C(R,,)" C C(R,) be the subgroup of the matrices with each entry positive

real number. Using Lemma [5.2| and Lemma [4.11} we know that C'(R,,)" acts on
E®ns, oW o (03)” ® Spung @&,

as the character
1

T = 1 = a(z) - wa(i)(l’i) Xooti) (23) -1 (20),
. i=1
where « is the central character of W. According to Lemma |3.11}, in order to prove (5.1)),
it suffices to show that this character is nontrivial. We use the method of infinite descent.
We first deal with the case when &£ > 0. Let o be the central character of W with

1

o ™o = | Iz:
. i=1

Then « is one of the characters of the adjoint action of C'(R,,)* on Sym"( :j(c) Thus
we have > r; =0, r; € Z. For i € J7, let t; = t;1; := "““*1. For other i € {1,...,n},
let t; :=r;.

If the action of C'(R,)" is trivial, then we have

(5'2) Xw(i)(x) 'Xw(nJri)(x) '77_1@) caht = ) Vo eRxa 1€ {1,...,%}.
Denote a := min{i € {1,...,n}|t; # 0, r; # 0}, then ¢, > 0 since the form of elements
in N,,. Denote Q, :={i=1,...,nla— i}, and let b := max{i € Q,|t; # 0}, then we can
easily deduced that ¢, < 0, also a < b.

If either ijfa) or Xﬁ is negative, then by definition, there exist a’ ~ a such that

both Xzfa') and y“!

w(n+a
If X;”fa) and ngfn ) AT€ both non-negative, then we let a’ = a. We have two possible

n+a)
) are non-negative, with at least one positive, also we have t,, = 0.

cases corresponding to these two: (i). ¢, = 0 and X -yt l ) 1S positive, (ii). o > 0
and Xg(ta/) : Xﬁ(tn +qy 18 NOD-Negative.

Now, if XS&) and XZLUfn 14 are both non-positive, then Xu(a/)* Xw(nta)- X;(lb) -X;(ln ) cglar Tt
has non-negative exponent part (according to Lemma [5.8)), positive derivative part (i.e.
ty —tp, > 0) and non-negative weight part, contradict with the identity (5.2)). Thus

at least one of X“’(tb) and ngn +p) Is positive. Thus there exist ¢ > b, b ~» ¢ such that

both Xw(c and Xw (ntc) A€ non-positive, with at least one negative. If t. < 0, then
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t 1—te

~1
Xw(a') * Xw(nta') * Xw(c) ) Xw(nJrc) e
positive weight part and non-negative exponent part, contradict with the identity ,
thus ¢, > 0. If r. # 0, denote ¢ = ¢. If r, =0, then (¢ — 1) € J™ or ¢ € J™, thus there
exist ¢ € {¢+ 1,c— 1} such that ro > 0. In all the case we have r, > 0 and Q. # &.
Take d := max{i € Qu[t; # 0}, then ¢4 < 0. If X, and X, are both non-positive,
then Xw(a) * Xwnta) - X;(ld) : X;(ln Ly x'e’ ' has positive derivative part (i.e. t, —tq > 0),
non-negative weight part and non-negative exponent part, contradict with the identity
1D Thus we find d > ¢ > b, such that at least one of Xﬂd) and ij’fn +a) 1s positive.
since n is finite, using the method of infinite descent, we find the contradiction.

Now we address the case where k£ = 0 and the orbits are unmatching. Similarly, we
assume that the central character of C'(R,,)" is trivial, i.e. we have

has non-negative derivative part (i.e. t, —t. > 0),

(5.3) Xw(i) * Xew(n+i) -t =id, Vie{l,...,n}.

Take j := max{i € {1,...,n}| at least one of x(;) and x{(,
well-defined since O, is an unmatching orbit. Thus both ngj) and ngn 4+j) are non-
positive. Let a := min{i € {1,...,n}[i ~ j}, thus both x}(,) and x{,, are non-
negative. Thus Xuw(a) * Xw(n+a) - X;(lj) . X;(ln ) has positive weight part and non-negative
exponent part, contradict with the identity .

As to the case where K = C, P is just the Borel subgroup, and the standard module
is a principal series representation. The main difference lies in the part concerning the
complexified conormal bundle. In this case N, c = N, ® N, as C-vector spaces, where
z € C* will act by z and z separately. However, since |z| = |Z|, the argument as above
also works. O

is negative}, which is

5.3. Proof of Theorem [1.2/Al

Theorem 5.10. The notations are as introduced at the beginning of this section. Recall
that the set Q has been defined in Proposition [{.1, we have

dmHS(S,T(X, &)@y < Y dmH(S,T90.,.8) ®,L),
{weQ|w is matching}

where the right hand side is finite.

Proof. Following the S-orbit decomposition on X as in Proposition [£.1, X admits a finite
decreasing sequence of open submanifolds

Uy=X2U2 ..U 2Upq1 =,
such that for i € {1,..., f}, U;\Ui+1 is a S-orbit in X. When U;\U;y1 = O,,, we shall
also denote U, := U;. Consider the short exact sequence
0= T (Ui, E) @&, = T(U, E) @6, = To (Ui, €)@ €, — 0,
then the associated long exact sequence shows that
dim Hy(S,T5(X,€) @&, ,) <> dim HJ(S, Ty, (U, €) @&, ).
we

According to Borel’s lemma, Shapiro’s lemma, and Proposition 3.5 in order to address
the right hand side of the inequality, it suffices to concern with

HE(PY N S, (037)* @ Sym* (D ¢) ® dpbng ® &),
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which has been calculated in Lemma[5.5] 5.1} 5.9} By combining these three lemmas, we
obtain that

HS (5,15, (U, &) 0 €1) = {

and thus the theorem. The finiteness of the right hand side follows from Lemma [5.3] -
and the definition of the matching orbits.

HS(S,T5(0,,8) ® f;;b), if O, is a matching orbit;
0, otherwise,

Corollary 5.11. For an irreducible Casselman-Wallach representation m of Gs,,, we have

dim Hj (S, 7 ®&,)) < o0

Proof. 1t suffices to show that dim HS (S, o &, ) < oo for each standard module o,
which follows from Theorem [5.10l O

Following Theorem [5.10}, it is important to study the homology of the Schwartz section
over the matching orbits, which will be shown in the Proposition |5.12

Proposition 5.12. The notations are as introduced at the beginning of this section. If
there exists a matching orbit O, such that dimHS(S,T<(0O,, &) ® fn_i)) # 0, then the

L-parameter of the Langlands quotient of m X - -- X, is of n-symplectic type.

Proof. Recall we have decomposition P* NS = R, x V,,. When O,, is a matching orbit,
we know that V,, acts trivially on the representation, thus we have

H5 (8, T°(0u, &) ® &,4) = HG (P N 8, (3pm)” @ Spas @ &)

= H{ (R, (037)° @ 6pbng ® &)
= Hy (R, 7 ®¢,))

where the first equality follows from Shapiro’s lemma and the third follows from Lemma
411} Therefore, as discussed in the proof of Lemma [5.5 the theorem follows from
Kiinneth formula, Lemma and [ST23| Lemma 3.9]. In fact, recall that we have
defined s,, after Definition . In this case we have m; = W;/w @ - O

Proof of Theorem[1.9A] Let 7 be an irreducible Casselman-Wallach representation of
G2n If 7 admits an (n,)-twisted Shalika functional, then so is its standard module
m X ---Xm,. Let X be the corresponding partial flag manifold, and let £ be the cor-
respondmg tempered Vector bundle on X, such that I'S(X,&) & 7y x -+ xm,.. Thus
dim H$(S,T¢(X,€) ® &, ) # 0. Then Theorem follows from Theorem and
Proposition [5.12] O

6. PROOF OoF THEOREM [1.2[B]

We first recall the following theorem, which constructs twisted Shalika functionals for
parabolic induced representations.

Theorem 6.1 (|[CJLT20, Theorem 2.1]). For two even positive integers ny and ng, take
two Casselman-Wallach representations m and w2 of GL,, (K) and GL,,(K), respectively,
and assume that both m and w5 have non-zero (n,v)-twisted Shalika periods. Then the
normalized parabolic induction m X7y also has a non-zero (n, )-twisted Shalika periods.

Recall in Lemma [2.1] if an L-parameter is of n-symplectic type, then it has form

D0t D (854 6] - m)
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Note that for the GLy(K) case, an irreducible representation 7 has an (n,)-Shalika
period if and only if it has a Whittaker period and the central character of m equals to
n. Thus, according to Theorem [6.1], we can reduce the theorem to the following case in
GL4(R).

For a character n of K*, we write nqr,, k) := nodetqr,, k) for the associated character
of GL,,(K). Denote by Sy, the Shalika subgroup of Ga,.

Theorem 6.2. Let P C GL4(R) be the standard parabolic subgroup corresponding to the
partition (2,2). Letn:R* — C*, t — |t|*(sgnt)™, zg € C*, mg € {0,1} be a character
of R*. Assume that Dy 5 (k € Z>1, A € C) doesn’t have a non-zero (n,y)-twisted Shalika
peroids (thus so is Dy, .,—»), and Dy xx Dy ., is irreducible, then Dy XDy .,_x has a
non-zero (n,)-twisted Shalika peroids. Moreover, we have

H? (S4, DX Dy 292 ® 5,7_3@) =~ HY (GLy(R), Dga®Djzp-x @ UéiQ(R)), i € Z,

and

Homg, (DgaX Dy 20—, &5.0) = Homar, w) (Dr @Dy 20—, 1GLa(R) ) -
Proof. According to Lemma , the second equality follows from the first one (for i = 0)
by taking continuous dual. In the following, we aim to prove the first equality.

A quick calculation shows that there are only 4 Sy-orbits on X := P\GL4(R), repre-
sented by {01 = (1,2,3,4),00 = (1,3,2,4),03 = (3,1,2,4),04 = (3,4,1,2)}, where O,, is
the unique open Sy-orbit. One can easily verify that O,, and O,, are ¥-vanishing, O,,
and O,, are matching orbits. Note that P7 N Sy = GLy(R). Denote by £ the tempered
bundle on X associated with Dy, /\>.<Dk,zo— A. Following the Shapiro’s lemma and Lemma

[4.11], we know that
HY (51, T(00,, €) @ &, 1) = HY (GLa(R), Dpa®Dyzgx @ g1, m))s 1 € Z
Denote my := Dk7,\(§>Dk7ZO,A. Using Borel’s lemma, Shapiro’s lemma, and Proposition
3.5, in order to prove the theorem, it suffices to prove that
(6.1) HS(P* N Sy, (ém)“ ® Sym' (M) ® Opbng, ®&,0) =0, Vi, | € Zxy,

where w € {0y,09,03}. Since O,, and O,, are 1-vanishing, in these two cases
follows from Lemma [5.1]
Since 09 is matching, the terms of modular characters can be canceled. Thus it suffices
to prove
H (P72 NSy, g2 @ Sym' (N7, o) @&, 4) =0, Vi, | € Zx,.
We first prove the case when ¢ =1 = 0. One can easily calculate that R,, = S5 x S; and
Vs, = N2 N Sy, where N is the unipotent radical of P. Thus

HS (P71 Sy, m5* @ &) = HS (Sy X Sa, (Dyy ® 5;111,)@(1%,30—,\ ®& ) =0,

where the second equality follows from Kiinneth formula and the condition that Dy \
doesn’t admit a (7, ¥)-twisted Shalika peroids.
Now we consider the case when i > 0 or [ > 0. A center element in P72 N Sy has form

a
d

d
it acts on HS(V,,, 75> ® Sym'( oo.C) ® f}y_qlb) by

|a|2>\—z0+l+i ’d|z0—2)\—l—i (Sgn(ad))k+l+m0+l+i.
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If Re(2X\ — zp) > 0 then 2\ — 2y + [ + 4 # 0. For the case Re(2\ — zp) < 0, [Moe97,
Theorem 10b] asserts that |2A — zo| ¢ {1,2,3,...}, thus 2\ — zp + 1 + ¢ # 0. Following
Lem [3.11] we have

H (Ryy B (Voo 732 @ Sym* (NG, 0) @ €,1)) = 0.
Thus following the spectral sequence argument,
HY (P> N Sy, 7§* ® Sym' (N, ¢) ® §0) =0, Vi, | €Zx.
O

Remark. The above proof also applies to the case of the limit of relative discrete series.

Proof of Theorem [1.2B. We first consider the case of GLy(K). An irreducible represen-
tation 7 of GLy(K) has an (7, ¢)-Shalika period if and only if it has a Whittaker period
and the central character of 7 is . For K = C, the n-symplectic L-parameter must has
form x +x" 7. Assuming it is generic, then the corresponding irreducible principal series
representation has central character . For K = R, there are two cases. In the irreducible
principal series case, it coincides with that for GLy(C). For the irreducible 2-dimensional
representation oy y of Wg, note that GL2(C) = GSp,(C), thus the similitude character of
or is det(oy,\) = sgn®™ | ]2}, which is just the central character of Dy x. Here, we view
det(oy.) as a character of R* using reciprocity map.

We now turn to the general case of GLg,(K). For K = C, the L-parameter of n-

symplectic type has form

thus Theorem [1.2B] follows from the case of GLy(C) and Theorem [6.1]
For K = R, the L-parameter of n-symplectic type has form

Z Orin + Z(¢j + o5 - n),
i J
thus Theorem |1.2B| follows from the case of GLy(R), Theorem [6.2| and Theorem 6.1, [

7. THETA CORRESPONDENCE AND LINEAR PERIODS

As proved in [Gan19|, Shalika periods are related to linear periods under theta corre-
spondence of the dual pair (GLs,(K), GL2,(K)). Denote by ©(x) the full theta lift of a
representation .

Theorem 7.1 ([Ganl9, Theorem 3.1]). Let K be a non-archimedean local field of char-
acteristic not 2. For any m € Irr(GL(W)) and o € Irr(Gp), one has

Homg ;e n (1) (O(7), 0 M 4p) = Homarwy)xaLws) (77, 0 B C)

where we have regarded o naturally as a representation of GL(Wh). (All the notations
here will be explained in the following).

In this section, we prove Theorem|[7.5 which is an analogous result over the archimedean
local field. The following Lemma [7.2]is essential to our proof.

Lemma 7.2 ([AGS15, Lemma 6.2.2)). Let X be a Nash manifold and let V be a real
vector space. Let ¢ : X — V* be a Nash map. Suppose 0 € V* is a reqular value of ¢. It
gives amap x : V — T(X) given by x(v)(z) = 0(¢(x)(v)) (where T (X) denotes the space
of tempered functions on X ). This gives an action of V on S(X) by m(v)(f) = x(v) - f.
Then:
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(1) Hi(0,S(X)) =0 fori>0.
(ii) Let Xy := ¢ '(0). Note that it is smooth. Let r denote the restriction map
r:S(X) — S(Xy). Then r gives an isomorphism Hqy(v, S(X)) = S(Xo).

We introduce the following notations for the Schrodinger model as in [Ganl19, Section
3]. Let K be an archimedean local field. Let V' and W be 2n-dimensional vector spaces
over K. Write

V =V, + V, with dimV, = n.
Denote by P(V}) = (GL(V1) x GL(V3)) x N(V}) the parabolic subgroup of GL(V) sta-
bilizing V;, where N(V;) = Hom(V5, V;). For A € Hom(Va, V1), we write n(A) for the
corresponding element in N(V;). We work on the Schrédinger model of the Weil repre-
sentation

Q=S(Wa V) x (WeVy)).
The action of P(V}) x GL(W) is given by

(h- f)T,X)=f(h'oT,Xoh) for h € GL(W);

((91,92) - /)T, X) = (det(g1)/ det(g2))" - f(T 0 g1,95" 0 X)
for (g1, g2) € GL(V4) x GL(V3);

(n(A) - FUT, X) = p(Try, (XTA)) - f(T, X) for A € Hom(V3,V1).

Given B € Isom(Vj, V3), define the character of N(V7) by
Ut n(A) = P (Try, (BA)).
The stabilizer of ¥p in GL(V]) x GL(V3) is the diagonally embedded subgroup
Gp:={(9,BgB™")| g € GL(V})} € GL(V}) x GL(V%).
The following lemma describes the coinvariance space of the Weil representation with

respect to (N(V1),¥p).

Lemma 7.3. ( )
-~ S(O if 1 =0;
S 1\ B)» )

Hy (N(V1),Q®y) = { 0, otherwise,

where
Op = {(T,X) € Hom(V;, W) x Hom(W, ;)| XT = B}.
Proof. Note that N(V}) is an abelian group. Denote by n(V}) the Lie algebra of N(V}).
Consider the following map
F: Hom(Vi,W) x Hom(W,V,) — n*(V})
(T, X) = (A~ Tr((XT — B)A)).
Note that F~1(0) = Op, the lemma follows from Lemma once we verify that 0 is a
regular value of F. Take (Tj, Xy) € Op, then
oF

a(Tla Xl)
We may fix a basis of the above vector space so that the linear map can be expressed by
matrices. Since Tj is a n x 2n matrix with rank n, there exist X;; € Hom(W, V;) such

(To, Xo) = (A s Te((X2Tp + 20T} A)).

that X; ;7o = F; j, V1 <14, < n, where F; ; is the elementary matrix of size n x n. Then
OF
———(Ty, Xo) = (A a;;).
8(07Xi,j)( 0 0) ( as, )
Thus 0 is a regular value of F. Il
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Note that G x GL(WW) acts transitively on Op. Take (Ty, Xy) € Op, so that
W =Im(Tp) & Ker(Xy) =: Wy @ W,
Then the stabilizer of (T, Xo) in Gp x GL(W) is
Hp ={((g,Bgb™"), (TogTy 'lwy, h))| g € GL(V4), h € GL(W2)}.

As another ingredient of the proof of Theorem the full theta lift of generic repre-
sentation is studied in [FSX18|.

Lemma 7.4 (|FSX18, Theorem 1.7]). Let K be a local field. Assume o is an irreducible
generic representation of GL,(K), then ©(0) = oV.

Now we are ready to prove the main theorem in this section.

Theorem 7.5. The notation is as shown above. Let K be an archimedean local field. For
any m € Irr(GL(W)) and x a character of Gg, one has

Home v ) (©(7), x ¥ ) = Homermw,)xaLuws) (", x X C)

where we regard x naturally as a character of GL(Wh). Moreover, if m is a generic
representation, we have

Home ,w v vy (7, x M) = Homaruw,)xanmws) (7, x X C)

Proof. The second assertion follows from the first one and Lemma [7.4] As to the first
equality, the proof is similar to the original one in [Ganl19], We sketch the proof for the
convenience of the readers. Note that

H5 (Gp % N(V1),O(m) ® (x ' B5"))
=H; (G = N (V1) Hg (GL(W),Q &) @ (x ' B ¢5"))
=HS(Gp x GL(W),H(N(W), Q@ ¢z") @ x 7 &)
=H5(Gp x GL(W), (ind5? ™M) @ x ! &)
= HS(GL(W}) x GL(W,),7¥ @ (x ' K C))
where the third equality follows from Lemma [7.3] and the discussion after it, and the
fourth equality follows from Shapiro’s lemma. The first term occurring in the equality

is finite-dimensional according to Corollary [5.11] thus the theorem follows by taking
continuous dual. d

8. RESTRICTION TO GL3 (R)

In this section, we prove Theorem [I.6] We fix the following notations in this section.
For m € Zsq, let G,,, := GL,,(R) be the real general linear group of rank m, and let

G := GL! (R) be the identity component of G,,. For a € R*, let
e : R — C*, x> exp(2mazv—1).

Let Ky, = 09,(R) D K, = SO,,(R). We first review the classification of the
irreducible representations of Ks, and K .
Fix the identification

20

SO, (R) =~ U(1)
— e,

{ cosf@ sin 9]

—sinf cos®
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According to the highest weight theory, the irreducible representations of SOs,(R) are
parametrized by (ai,...,a,) € Z™ such that

ai Z Zan—l Z ‘an|

Let o be the irreducible representation of SOq,(R) with highest weight (a4, ..., a,). When
a, = 0, there are exactly two non-isomorphic irreducible representations 71, 75 of Oy, (R),
such that
Ti|02n(R) = g, 1= 1, 2.

When a,, > 0, denote by ¢’ the representation corresponding to (as, ..., —a,), then there
is a unique irreducible representation 7 of Os,(R), such that 7|o,,®) = o ® o’. These
give a parametrization of the representation of Oy, (R). When the second case happens,
we denote 77 := o and 7~ := ¢/, thus

T|0gn(R) = e,
Let m be an irreducible representation of Gs,. According to Clifford theory, 7T|G2+ is

either an irreducible representation of G3,,, or it is reducible and isomorphic to a direct

sum of two non-isomorphic irreducible representations of G3,. The following lemma
describes the condition for the second case.

Lemma 8.1. The notation is as shown in Subsection[2.1 Let w be an irreducible repre-
sentation of Go, with its L-parameter

Or = ZXO,ti + ZXl,sj + Zal,rk; ti, s, € C,
i j k

then W’G; is reducible if and only if xo+ and x1+ appear in pairs.

Proof. Following the Clifford theory, 7| i is reducible if and only if 7 =2 7 ® sgn. Then
the lemma follows from the local Langlands correspondence. U

Denote the limit of relative discrete series of GLy(R) by
Doy :=|-*xsgn|-|*, AeC.

Using induction by stage, the above lemma says that, when 7r|G; is reducible, the corre-
sponding standard module has form

Dk1,>\1 >< ce >.<ka)\n, k’l € Zzo, >\z e C.

Note that the minimal Ky,-type of this standard module (thus the irreducible quotient)
has extremal weight (k;+1, ..., k,+1). Denote by 7 the minimal K,-type of w. Following
the classification of the representations of Ky, we have T|go,, = 77 @®7~. We shall denote

ot
Tlgr =7 @&m

such that 7% C 7, 7= C 7. Note that 77 and 7~ can be gotten from each other by
twisting a matrix g with detg = —1.

Denote by Sa, the Shalika subgroup of Gs,. Note that Sy, C G3,,. For an irreducible
representation 7 of Gg, such that 7| G = 7T @ 7, we have the following equation,

Homs2n (7T7 577,1%) - HomSQn (7T+7 577,1%) @ HomSZn (7T_ ? 577,% )7

where the left hand side of the equation is at most one-dimensional. Assume further that
7 has a non-zero (1,1, )-twisted Shalika period u, we define

o 1, if p|+ #0;
(8.1) n = { —1, if pl- #0.
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In order to calculate €,, we first study the behavior of the parabolic induced repre-
sentations of Gy, when restricted to G5,. Let P be a standard parabolic subgroup of
GLs, (R) corresponding to the even partition (nq,...,n,) (i.e. all n; are even), with Levi
decomposition P = L X Np. Let PT := PN GL3} (R), LT := LN GL3,(R), and let P°
(resp. L°) be the identity component of P (resp. L), then we have Pt = LT x Np,
P° = L° x Np. Note that L° =G} x--- x G} .

Lemma 8.2. Let P be as above, and let m; be a irreducible representation of G, such
that 7|t = w7 @7, then we have

-~ - t o a4 o s o
(Ind$m,® - - - )| gy = (Indii”ﬂ’@ @t T @ (Indﬁ?ﬁrf@ Tt eT).

Proof. Note that m; = Indg’fﬁr*, thus m® - -- ®@m, = Indborf®--- & &rF. Denote

1
/. ..
[
—1

(Mm®: &)+ = (Indfe nf & -+ B, &) @ (Indfe nf @ -+~ B, &y,

Since P\Go, /G5, = {1}, we have

€ L C Gop, then L°\L/L" = {1,¢'}. Thus

7| QIHdG;"(ﬂ' ® - ®m|p+)
G;rn - p+ 1 r|Lt
+ ~ ~ ~ + ~ ~ ~
~(Indpni @ Bt Omf) @ (Indpdn @ - Emf &),
O

For GL;(R), as we have mentioned below Theorem , the Shalika period is closely
related to the Whittaker period, which has been thoroughly studied in [God18|. We have
the following lemma.

Lemma 8.3. Let m:= Dy 5, k € Z>o, A € C, then e, =sgna.

Proof. The case when a > 0 has been calculated in |Godl8, Section 2.5] and |[CC19,

Section 3.1]. Then the case when a < 0 can be obtained by twisting [_01 (1)] . U

For GL4(R), we have the following lemma, which is similar to Theorem [6.2]

Lemma 8.4. Let P C GL4(R) be the standard parabolic subgroup corresponding to the
partition (2,2). Denote by n: R* — C*, t — |t|*(sgnt)™ a character of R*. Assume
Dy » (k € Zso, X € C) doesn’t admit a n-twisted Shalika periods (thus so is Dy ,,—»), and
7 := Dy X Dy o 18 irreducible, then
C - GLS (R ~ o
Df %Dy o= TIndpt WD &D; )
admits a (n,)-twisted Shalika peroids. Moreover, we have
S L - -1\ ~ 1S = — .
H; (54, DZ:AXDI@,ZO—/\ ® fmlp) = H7 (GL; (R), DZA®Dk,zof)\ ® UGi;(R)), i € L,

and
Hom (DJr x D &) = Homgp + (DJr QD +(R))-
Sa\ L A X Pk zo—x0 Snutp L ®) \ e O 2020 TlaLd (r)

Thus e, = —1.
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Proof. The proof is similar to the one of Theorem [6.2] we only sketch it here for the
convenience of the readers. Let

/ ! 11
93:{11 ]7903:[_1 ]
-1 -1

Recall that in Theorem [6.2] we have the following representative {01 = (1,2,3,4),05 =
(1,3,2,4),03 = (3,1,2,4),04 = (3,4,1,2)}. In this case, we have

PO\G%/& = {01,9/02,905]'02,03,9003704}-
One can use the same argument as in Theorem [6.2] to show that

H7 (81, DX Dy oy ®8,) = HY(GL3 (R), DELEDE .,y @G 1), €L
where the right term has dimension one for ¢ = 0. Thus
dim H0m54(D,':7)\>'<D1;207)\, &nw) =1,
and e, = —1 O

The following lemma is an analog of Theorem for G5 .

Lemma 8.5. For two even positive integers ni and ns, take two Casselman-Wallach
representations m and my of GL; (R) and GL} (R), respectively. Then the normalized
erl+n2(R)
C)1 2

G ~
parabolic induction m := Indp TRy has a non-zero (n,1))-Shalika periods if one

of the following condition hol&é:

(1) ny =0 orny =0 mod 4, and both m and s have (n,1))-Shalika periods.
(2) ny = 2 and ny = 2 mod 4, m has (n,v")-Shalika period and w5 has (n,)-
Shalika period.

0 1,

s m10

Lo,
Proof. Let n; = 2m;, w, := [ 1 ] , then det w, = (—1)™"™2. Thus for the first

Ling
case, w, € G5, and the proof is exactly the same as the original one in [CJLT20, Theorem
2.1]. We only treat the remaining case and point out the difference. For the second case,

€ G3,,. Then we have

,1m1
01
take wg 1= L, 0

Ty, 0 X Z 7 Tl =X 0 —2Z7
1 lmy 0 Y _ lmy O 0
W Ly, 0 |Ws = Iy, Y |
L 1m2_ L 1m2_
and
Fln, X 0 07 Flmy, 0 =X 0 7
1 lmy O 0 _ lmy, 0 Y
W I, vV | Ws = Ly 0
L 1m2_ L 1’m2_

GL} R)
For f € Indpo"1+"2( )7T1®7T2, we define a function on G5, by ®(g; f) :=< u1®us, f(w;lg) >,
ni,ng

where ; is the non-zero twisted Shalika functional on 7;. Then we obtain

P ([ g E]g;f) =y (= Te(X)) - (Te(Y)) - (g: f)

Im

=(Tr(X) + Te(Y)) - ©(g; f)
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and

lmy, X 0 0
Imyg 0 O

(I)<[ 21m1 Y]9§f> = ®(g; f).
Ling

The subsequent construction of the twisted Shalika functional on 7 follows the same
process as in [CJLT20, Theorem 2.1]. O

We are now prepared to state the main theorem in this section.

Theorem 8.6. Let m be an irreducible generic representation of Ga,. Assume w admits
a non-zero (n,,)-twisted Shalika period and 7r|G; is reducible, then w has form

Dk17>\1>‘< cee >.<Dk?n7>\n7 kl c ZZ()? )\Z e C.

Let p := #{1 < i < n|Dq, , has (n,v,)-twisted Shalika period} and q := 5, which are
both integers since ¢, is of n-symplectic type. Then

e = (sgn a)? - (—1)"F 7+,

Proof. Applying Lemma B.5] the theorem is derived through an induction argu-
ment. U

APPENDIX A. KUNNETH FORMULA AND SPECTRAL SEQUENCE FOR NILPOTENT
NORMAL SUBGROUPS

A.1. Kiinneth formula. In this subsection, we prove a Kiinneth formula for Schwartz
homology. Since Smodg is not an Abelian category, we first prove the following two basic
lemma about homological algebra in the topological setting.

Lemma A.1 (Topological snake lemma). Consider a commutative diagram in the cate-
gory of (not necessarily Hausdorff) topological vector spaces

Vi ——= Vs —=

o e e
Wy =2 Wy, 2
where the rows are weak exact sequences. If ay is an open map, B : Wi = Im 3, is a
topological isomorphism, then we have a weak exact sequence

Ker(¢1) — Ker(¢y) — Ker(¢s) 2 coker(¢;) — coker(¢y) — coker(¢3)

where Ker(¢;) are equipped with subspace topology of V;, coker(¢;) are equipped with quo-
tient topology of W;.

0

Proof. The conditions of this lemma are slightly different from those of [Sch99, Proposi-
tion 4], but the proof is identical. We refer the readers to [Sch99| for details. O

Lemma A.2. Let
0= A B 2o S0

be a short exact sequence of chain complexes of Fréchet spaces, where each ¢; is a strict
map. Then we have a weak exact sequence

Proof. This follows the standard argument based on Lemmal[A.1] We omit the details. O

We also need the following lemma since we work in the topological setting.
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Lemma A.3 ([CS21, Lemma 8.6]). Let ¢ : Co — C. be a morphism of chain complexes
of Fréchet spaces. Let i € Z. If the induced morphism

¢ : Hi(Co) — Hy(C,)
18 surjective, then it must be an open map.

We first define the completed tensor product of two bounded below chain complexes of
topological vector spaces. For simplicity, we shall assume that the complex starts from

0.

Definition A.4. Let X ,Y be two bounded below chain complexes of topological vector
spaces, both starting from 0. We define the completed tensor product of X and'Y. by

(X ®Y)m @X@ VmeZ

ptq=m

with the direct sum topology. The chain maps are the same as the algebraic tensor product
of chain complexes.

Theorem A.5 (Kiinneth formula for chain complex). Let X Y. be two bounded below
chain complexes of NF-spaces, both starting from 0. Assume ¥V k € Z, Hp(X ), Hi(Y)
are NF-spaces. Then we have

Ha(X8Y) 2> P Hy(X)8H,(Y), VmeZ,

p+g=m

as topological vector spaces. In particular, Hm(X@Y) are NF-spaces.

Proof. The proof is similar to the classical case, except for certain topological issues
(where we use the nuclear Fréchet condition).

We first consider the case that Y; = 0 for ¢ # p, for some p € Z. For m € Z, according
to Lemma we have short exact sequences of NF-spaces

~ ~ dm®1 ~
0 = (Ker dpn)8Y, = XndY, 2% (Im d,,)8Y, — 0,

0 — (Im dypy1)®Y, — (Ker d,,)®Y, — H,,(X)®Y, — 0.
Then we know that (Im dy,41)®Y, = Im (d,+1®1y,), (Ker d,,)®Y, = Ker (d,,®1y,).
Thus Hy, 1, (X.®Y) = Hy(X)®Y, = H,y(X ) H,(Y).

Secondly, we consider the case that the differential map d* in Y are all 0. Note that
(XY )m = D, qm Xp®Y,. Since d¥ = 0, the differential map (X.QY)mi1 = (X.8Y),
is just direct sum of family of maps dXH@lyq : Xp+1®Y;1 — Xp<§Yq. Since all the
occurring spaces are NF-spaces, we have (Im dX, ) )®Y, = Im (&X,,®1y,), (Ker dX)®Y, =
Ker (dX®1y,). Thus we obtain

_, (Ker d¥)®Y, . R
Driaenl BTN @y 1,(x)8Y, = @) HOBHY)
@p-i-q:m( m p+1)® q pt+g=m pt+qg=m

For the general case, denote Z(X),, := Ker d;, B(X),, := Im d\.,. Let Z(X). and
B(X). be the corresponding chain complexes with zero differential maps. Define the chain

complex X B(X) by setting (XB(X))n+1 := B(X),. We have a short exact sequence of
chain complexes

H, (X QY) =

X
0— Z(X), - X 25 $B(X). — 0.
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According to the condition, all these spaces are NF-spaces, thus we have
~ ~ X ~
0= Z(X)BY — XBY. L5 SB(X) BY =0,
with the first maps being strict. Following Lemma [A.2] we obtain
o o Hyp (SB(X).®Y) = Hp(Z(X).®Y) = Hy,(X.RY)
S H(SB(X) BY) = Hy 1 (Z(X) BY) = -

The first two terms, as well as the last two, can be computed using the second case, then
we get the exact sequence

o @D BX),EH(Y) » P Z(X),@H,(Y) - Hy(XEY)

p+q=m pt+gq=m
- @ B(X>p(§)Hq(Y.) - @ Z<X)p®Hq(Y.) —
pt+q=m—1 pt+q=m—1

where the connecting homomorphism is induced by the inclusion
B(X),® Hy(Y) > Z(X),® Hy(Y)).
Thus we have the short exact sequence
0= P BX),&H,(Y) = P Z(X),&H,(Y) = Hu(X.BY) = 0.
pt+g=m ptg=m
Following Lemma [A.3] the surjective map above is an open map. Also, we know
0 — B(X),@H,(Y) = Z(X),®Hy(Y)) = Hy(X)® H,(Y)) — 0,
thus we get
H,(X.2Y) = @D H,(X)&H,(Y)
ptq=l
as topological vector spaces. U

Now we focus on the Schwartz homology.

Lemma A.6. Let G be an almost linear Nash group. Assume that V, W € Smodqg are
both NF-spaces. IfV m € Z, HS (G, V) are NF-spaces, then

HS (G, VW) = HS (G, V)W, VmeZ,
as topological vector spaces.

Proof. Take P — V to be a strong relative projective resolution of V', with P all NF-
spaces, then P&W — V@W is a strong relative projective resolution of VW

We first compare S (g — 1)(P.@W) and (3.(g — 1)P,)®W, which are both closed
subspace in P,@W. Note that > (g—1)(Pe@W) = (-1 P)@W, Y (g—1)(P,@W)
is dense in 3" (g — 1)(P.@W), (32(g—1)P,) @ W is dense in (3" (g — 1) P,)®W. Thus we
have Z(g — 1)(Pk(§)W) = (Z(g — 1)Pk)®W, and (Pk®W)G = (Pk)G(/X\)W

Consider the following sequence of NF-spaces

dm 1 m
= (Prsi)e 255 (Po)a 2 (Pot)g — -+ -

According to Lemma , we have (Im dpy )W = Im (dp1 ®1w), (Ker d,)QW =
Ker (d,,®1y). Note that

0 = (Im dp )W — (Ker d,,)@W — HS (G, V)W — 0,

thus HS (G, VW) = HS (G, V)&W, Vm € Z.
32
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Theorem A.7 (Kiinneth formula for Schwartz homology). Let G; and G be two almost
linear Nash groups. Assume V; € Smodg,, ¢ = 1,2, are both NF-spaces. IfV j € Z,
H}-S(Gi,Vi) are NF-spaces, then

HS(G1 x Go, VidVs) 2 (P HS(G1, VI)BHS (G2, Vo), VmeL,

ptg=m
as topological vector spaces. In particular, Hi(Gl x G, V1®V2) are NF-spaces.

Proof. Using Theorem [A. it suffices to prove that the Koszul complex for computing
the Schwartz homology of V;&V5 in Smodg, x¢, is just the completed tensor product of
the Koszul complexes for V; in Smodg, (i = 1,2). Denote by K; (i = 1,2) the maximal
compact subgroup of G; (i = 1, 2).

Since V; (i = 1,2) are both NF-spaces and K; (i = 1,2) are both compact, we have

(A™(91 @ g2/81 @ £) @ Vi®Vo)ixa, = €D (A"(g1/81) © VI)B(A(g2/8) © Va)) ey
pt+g=n

Thus we only need to consider ((AP(g1/€) @ V1)®(A%(g2/t) ® Va))k,xk,- Note that

K; (i = 1,2) are both compact, thus H3 (K, AP(g; /%) ®V;) (i = 1,2) are both NF-spaces
according to Proposition [3.6 Following Lemma [A.6] we have

HS (K1 x Ko, (AP(81/8)@V1)@(A1(g2/8:)@Va)) = Hy (K1, AP(g1/8)@V1)@ HG (Ko, A1(ga/t2)®V5).

g

A.2. Hochschild-Serre spectral sequence. In this subsection, we aim to prove a
Hochschild-Serre spectral sequence for nilpotent normal subgroups. Firstly, we recall
the following spectral sequences in the category Cy. x of (gc, K)-modules.

Theorem A.8 ([BW80, Theorem 6.5], [KV16, Corollary 3.6]). Let b be an ideal of g
stable under K, I = tNbh, L a closed normal subgroup of K with Lie algebra I, and
W € Cy.,x. Then there exists convergent first quadrant spectral sequences:

E;q =H,(gc/be, K/L; Hy(be, L; W) = Hpiy(gc, K; W)

Since we work in Smodg, it is desirable to obtain a similar spectral sequence applicable
to this category. The following lemma plays a transitional role.

Lemma A.9. Let H = L x N be an almost linear Nash group with nilpotent normal
subgroup N, denote by M the maximal compact subgroup of L (and hence also the mazimal
compact subgroup in H ). Consider V € Smody, for a fized j € Z, ifo(N, V) € Smody,

then H;(ng, VMFin) = HY (N, V)M
Proof. Consider the Koszul complex for H;(n¢, V):

. d; . d;
---—>/\J+1nC®V7—+1>/\JnC®V—]>/\J‘ln@®V—>---.

Since H;(ng, V) = Hf(N ,V) € Smody, we have the following short exact sequence in
Smody,

0 — Im dj+1 — Ker dj — Hj(n@, V) — 0.
Note that taking M-finite vectors —M-in is an exact functor from Smod; to (¢, M)-
modules, thus we have

0 — (Im dj )M = (Ker ;)M — H;(ne, V)M 0,
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We also have the following Koszul complex for H;(ng, VM-in).

ce o Nt @ VM B M S ot M
Then we obtain
0 — Im (dji1]arin) — Ker (dj|aran) — Hy(ne, VM) — 0.
Thus it suffices to prove
Im(dja|arsn) = (Imd; 1), Ker(dj|asn) = (Kerd;) .

The first equality follows from the following short exact sequence

0 — (Ker djy )M — (W ne @ V)M drtilacin, (Im ;)™ — 0,
and the second follows from Ker (d;|y.an) = (Ker d;)N(Ane@ VM) = (Ker d;)M-fn. O

Remark. This Lemma is unrelated to Casselman’s conjectured comparison theorem, since
they are under different conditions.

Corollary A.10 (Hochschild-Serre spectral sequence for nilpotent normal subgroups).
The notation is as shown in Lemma . Consider V € Smody, if V j € Z, Hf(N7 V) e
Smody, then we have

Hi(le, M Hy(ng; V) = HY (L HF (N, V), Vi, j € Z.
Moreover, there exist convergent first quadrant spectral sequences:
S S S
E;q =H,(L,H,(N,V)) = H, (H,V).
Proof. Following Lemma and Proposition [3.3]
H;(le, M; Hj(ng; V™)) = Hi(Ie, M3 HS (N, V)M™™) = HY (L, HS (N, V).

As to the second assertion, according to Theorem [A.8] we have convergent first quadrant
spectral sequences:

E;,q = H,(Ic, M; H,(ng; VM) — 1, (he, M; VM)

Then the corollary follows from the first assertion and Proposition [3.3] O
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